A method is described for efficiently obtaining the comprehensive information of a polychromatic radiator. Under certain conditions both the spatial and spectral details of the radiative object can be recovered simultaneously from the three-dimensional spatial coherence function in the diffraction region. The recovery of object information is based on a Fourier-transform relationship derived from the basic formula [E. Wolf and W. H. Carter, J. Opt. Soc. Am. 68, 953-964 (1978)] describing the field correlation function in terms of the source correlation function. A new type of interferometer is proposed for the efficient collection of the spatial coherence data. Experimental results of the spectral-image recovery are also presented.
INTRODUCTION
The spatial and spectral power densities of a light source are sometimes deduced from the second-order correlation functions of the optical radiation. Each of the density functions and the corresponding correlation function are known to form a Fourier-transform pair. These relationships are referred to as Wiener-Khintchine and Van Cittert-Zernike theorems'- 4 and provide, respectively, the bases for Fouier spectroscopy 5 , 6 and interferometric imaging. [7] [8] [9] [10] [11] [12] [13] [14] Unfortunately, however, general radiative objects cannot uniquely be identified by these separate densities. For unique identification, the general power density G(x, y, v) that is dependent on both spatial position (x, y) and optical frequency v is desired. This is the motivation for the various approaches1 5 -2 0 to spectral imaging or imaging spectroscopy.
The simplest approach to spectral imaging might be to take many photographs through a series of spectral filters. For precise measurements, more elaborate filters such as the triple Fabry-Perot interferometers1 5 may be employed. According to circumstances one may take the alternative approaches-spectroscopy at each pixel1 6 or line by line. 1 7 In particular applications, these simple approaches have been proved to be useful,1 5 -' 7 but in general they lack efficiency.
This is because most of the incident flux is rejected by the spectral filter or the spectrometer slit. The multiplexing technique' 8 employed in Hadamard-transform spectrometers may improve the efficiency. The Hadamard-transform imaging spectrometers' 8 
'
19 literally aim to measure G(x, y, v), yet they have an additional purpose of using a single detector with the doubly multiplexing technique. Another interesting approach is speckle spectroscopy, 2 0 which offers diffraction-limited prism spectra of stellar objects.
In this paper, we present a method of spectral imaging based on correlation measurements. It is shown that under certain conditions G(x, y, v) can be related to the threedimensional (3-D) spatial coherence in a simple Fouriertransform relationship. This relationship rests on the general integral equation derived by Wolf and Carter. 2 1 The result can be thought of as a unification of Wiener-Khintchine and Van Cittert-Zernike theorems and may serve to give an insight into the spatial coherence properties 2 2 -25 of a partially coherent, polychromatic wave field.
The new formulation of 3-D Fourier synthesis can be incorporated with an optical correlator to realize an efficient spectral imager. A crude version of the spectral imager has been constructed by modifying a wave-front folding interferometer. 7 ' 26 The experimental results of spectral image recovery using a two-color point object are presented.
Because of the similarity of situations, readers should be referred to the series of work by Baltes and co-workers. 2 7 -32 They studied theoretically 2 7 -30 and experimentally 31 ' 32 the utility of the far-zone intensity and correlation function for detecting a hidden structure such as a grating within a fluctuating partially coherent source. The space-time intensity correlation technique was also studied by Newman and Dainty. 3 3 In this paper, we are concerned not with such structured partially coherent sources but with polychromatic natural incoherent sources.
FORMULATION
Consider a plane polychromatic incoherent source (a) in the plane of z = 0 in a Cartesian coordinate system as shown in Fig. 1(a) . Let the general power-density function associated with this planar source be denoted by G(P, v), where P is a two-dimensional (2-D) position vector (x, y) and v is the optical frequency. We are interested in the relationship between G(P, v) and the spatial coherence function in the diffraction region. Let the mutual coherence function at two points in the diffraction region be denoted by r(Q1, Q2, T), where Q, and Q2 are 3-D position vectors [Q1 = (xi, yi, z,), Q2 = (x 2 , Y2, Z 2 )] and T stands for the time delay. The crossspectral density function of the primary source can be expressed in terms of the general power density by G(P1, P 2 , ii) = G(P,, Pe)6(P, -P 2 ), where Pi = (xi, Y1), P 2 = (x 2 , Y2) and 6( ) is the Dirac delta function.
The propagation equation for the mutual coherence func-1, 2, and dP = dxdy. The density function [G(P, v)] completely vanishes outside the source area.
To obtain a simpler expression we assume here that the following equation holds: (2) where
Fortunately, this approximation conforms to rather common situations where the incident flux can be regarded as an incoherent superposition of plane waves. Such a requirement can largely be met by the usual astronomical observations. Let the observation points Q, and Q2 be located inside a sphere that has a radius a and is centered on (0, 0, Z) as shown in Fig. 1(a) . The incident wave fronts are well approximated by an ensemble of plane waves if the following condition holds: tion of a polychromatic partially coherent field is well known. 
where j = VJET, k is the wave number, Rm It is reasonable to assume that a >> X. Then we have from expression (3) Z >> a, and it follows that (2) and Eqs. (4) and (5) into Eq. We first rewrite Eq. (1) according to the Huygens-Fresnel principle as
where * denotes the complex conjugate and K(Qm, PV, v) is the optical response at Qm to a monochromatic elementary point source of frequency v located at P for m = 1, 2. In the previous situation, as shown in Fig. 1(a) , the response function was taken to be a spherical wave:
In the present situation, as is clear from Fig. 1(b) , the optical wave field behind the lens is exactly an incoherent superpositon of plane waves. Let the focal length be Z and 0 and O be defined as in the figure. Then the amplitudes of the plane waves may be approximated by (-Z/cos 0)-k. The new response function is thus given by
where k is defined in the same way as in Eq. (2), R'm = Rm -PO' for m = 1, 2. Since position vector P can also be represented by Eq. (4), we obtain the same equation as Eqs. (6) and (7). In this case the final result, identical with Eq. (7), holds exactly, provided that the lens is perfect and placed at the correct position. Finally the interrelationship between the real object and the reconstructed image should be clarified. Referring to Fig. 1(a) , consider a monochromatic point source of optical frequency v located at P = (x, y) in the z = 0 plane. We measure the mutual coherence function around a point Z = (0, 0, Z). Since the observing site is fixed, location P can be designated by the two values of 0 and O. The reconstructed image will in this case appear as in Fig. 2 . The angular position of the image (S) is designated again by 0 and 6, but the distance from the origin to S represents optical frequency v. Note that v is different from w. This is because the path difference associated with an obliquely incident plane wave is greater than the actual longitudinal path difference by a factor of (cos 0)-l. Thus, in contrast to Fourier spectroscopic data, the off-axis effect is automatically incorporated in the theory.
Representation of images in the angular coordinate system is not new but customary in astronomy. Radio images of Earth-rotation synthesis telescopes are also mapped on the celestial sphere. It is interesting that the synthesis telescopes generally provide the information about the 3-D spatial coherence function of radio wave field. 3 4 36 The Earth's rotation necessarily introduces 3-D loci of antenna spacing vectors, which are determined by the array geometry and the object position. It is even possible to synthesize radio spectral images using an appropriately designed array and the Earth's rotation.
CORRELATOR
Our prototype instrument proposed for the 3-D correlation measurement is a simple combination of Michelson and wave-front folding interferometers. The Michelson interferometer is a well-known instrument that exhibits the great efficiency of longitudinal correlation measurement when applied to Fourier spectroscopy. 5 , 6 The wave-front folding interferometer, which was to the authors' knowledge first suggested by Murty, 2 6 is also an efficient instrument for lateral correlation measurement and extensively used for interferometric imaging applications 9 "'1-' 4 ' 37 and also for calibration of atmospheric seeing. The new instrument, called the volume interferometer, is shown schematically in Fig. 3 . The incident light beam is split by beam splitter BS into two parts; one, which will be called the first beam, is reflected by right-angle prism P, and the other, called the second beam, by P 2 . We take a Cartesian coordinate system as shown in the figure. Let the optical wave field at the z = 0 plane created by only the first beam be denoted by V(x, y, 0)/2. If the two beams are equally split by BS, the optical wave field produced by the second beam is V(-x, -y, 0)/2. Superposition of the two beams simply results in folding of the wave front. Then a longitudinal motion of P 2 produces an axial path difference. 
where the spatial stationarity of the mutual coherence function is assumed. The (1/2) factor outside the curly braces accounts for the fact that one half of the incident flux is reflected by the interferometer. Note that the interferogram is mapped over the volume of an imagined space whose x and y coordinates correspond to those of the actual space but the z coordinate to the displacement of the prism (reversal of the x coordinate due to P, is neglected for simplicity).
Image recovery is straightforward. The interferogram is appropriately scaled such that
From Eq. (7), the Fourier transform of It(t) is
where
The first and the third terms in Eq. (14) are spurious images, similar to those encountered in holography. However, in contrast to holography, these spurious images do not overlap the true image because of the positivity of optical frequency.
Since j is known to be ir/2 < 0 < 7r, discrimination between GC(s/2) and Gc(-s/2) is apparent. Thus extended objects can safely be located anywhere in the field of view without any confusion. It should also be mentioned for the minimum redundant measurements that sampling of the volume interferogram [I(r)] can be single sided or, in other words, can be restricted to the region of x > 0, y > 0, or z > 0. This is due to the reality of G,(s). Further discussions on the techniques for more efficient sampling might almost be parallel to those of Fourier spectroscopy 5 ' 6 and therefore are omitted.
LIMITATIONS
To discuss the performance limits of the volume interferometer, we consider a specific instrument shown in Fig. 3 . We assume that the 2-D interference pattern produced over the z = 0 plane, which is limited by a rectangular aperture of L, X L1, is detected by a space-filling array of N, X N, rectangular detectors of size 1l X 1, and that the maximum displacement L 3 of prism P 2 is partitioned into N 3 intervals of length 13. The photocurrent generated in each detector element is integrated during the time when P 2 moves in each displacement interval with a constant velocity. As a result, the volume interferogram measurable over a range of 2L, X 2L, X 2L 3 is smoothed by a detection cell of rectangular solid 21,
Resolution Limits
From the Fourier-transform relationship [Eq. (14) ] between the inteferograms and images, several limitations arise owing to the maximum measurable range and the finite cell size of the volume interferogram. Most of them are familiar, but some are peculiar to the volume interferometer.
The most fundamental are the resolution limits, which are Under the same conditions, the measurable spectral range is also limited such that AP < c/413, in the same way as in Fourier spectroscopy. The symmetric character of the spectral image space imposes also the similar limitations on the field of view; the angular field of view is restricted by AX < X/21l. The throughput, 5 ' 6 which is proportional to the collectable radiation power and is defined by the product of the area of the entrance pupil and the acceptable solid angle, is therefore approximately (XN,/4) 2 . Finally it should be mentioned that the finite volume of the detection cell results in the instrument profile in the image space, i.e., the spectral images suffer from positiondependent attenuations.
The profile is, however, known beforehand to be a 3-D sinc function from the Fouriertransform relationship and may readily be compensated.
Noise Limits
The signal-to-noise ratios (SNR's) of spectral images are primarily limited by the signal dynamic range. This limitation, usually set by the quantization process, has already been studied 5 ' 6 in Fourier spectroscopy. Here we briefly discuss its consequences in Fourier-transform spectral imaging.
We consider a monochromatic cosinusoidal volume interferogram. The final image is to be recovered as a 3-D discrete Fourier transform (DFT) of the interferogram, which is digitized and assumed to contain a small amount of quan-tization noise. Let the variance of the quantization noise and the number of detection or resolution cells be denoted assume that the noise in the spectral image is a zero-mean circular complex Gaussian noise. 41 ' 42 The variances of its real and imaginary parts are equal and known to be one half of the second moment of its modulus. 41 In this case, the noise fluctuations along the real axis are relevant because the SNR is assumed to be large. Since it can be shown from Parseval's relation for the DFT 4 3 that the second moment of the modulus is Maq 2 , the noise variance in the image is Maq 2 /2. On the other hand, the image signal component of the point object is one half of the total input energy, which is independent of M provided that the area of the entrance pupil and the total observation time are fixed. Thus the SNR for the spectral image is EO/(aqx/~iM), where Eo is the total input energy. It can also be shown that the same result is obtained when multiple objects are present. This result is essentially the same as the former analyses mension. Nevertheless, it should be kept in mind that the number of resolution cells for the Fourier-transform spectral imaging tends to be extremely large compared with those for its one-dimensional analogs. A very high dynamic range of input signal is required for moderate SNR and resolution. The requisite high dynamic range is the price for the significant gain in efficiency. The ultimate performance will be achieved by using a photon-noise-limited detection system.
We now discuss the limitations due to the statistical fluctuations in a number of detected photoevents of signal and background radiation.
We first assume that we observe a cosinusoidal volume interferogram created by a monochromatic point object, as before. However the interferogram only contains the photon noise. Here we use the result due to Walkup and Goodman. 4 2 The rms SNR for the monochromatic point object is
given by
where No and Nb are, respectively, the expected total numbers of signal and background photons detected over the entire volume of the interferogram. If multiple objects are present, Eq. (15) is slightly modified. Let the rms SNR of a point object placed at s = so among the other objects be denoted by po'. It can be shown that
where Nt is the expected total number of signal photons registered over the interferogram but No denotes only the contribution from the point object located at s = so.
Comparison of these SNR's suggests that if the background noise is predominant (Nb >> Nt, No), multiple objects can be analyzed simultaneously with negligible loss of SNR.
The simultaneous observation leads to the increase of observation time for each object, and thus we gain the multiplex or Fellgett's advantage. 5 ' 6 On the other hand, if the photon noise predominates (Nb << No, Nt), the multiplex advantage is neutralized by the increase of the photon noise (No < Nt).
To derive a measure of practical performance limit, we consider a situation where many stars scattered in the field of view are simultaneously analyzed. A limitation will be deduced in terms of the minimum observation time required for achieving a desired SNR. We neglect the background noise (Nb = 0) and assume that the stars are equally bright and nearly white. We also neglect the atmospheric effects, which will be discussed later. The expected total number of photons to be registered over the interferogram can be related to apparent visual magnitude m, of the star at a wavelength of 5560 A by 44 Nt = 7ABN 3 T 103-04 m , (17) where n is the detector quantum efficiency, A is the area of the entrance aperture in square centimeters, B is the spectral passband in angstroms, Ns is the number of stars in the field of view, and T is the total observation time in seconds. on the relatively low SNR and poor spectral resolution, it is remarkable that it takes only less than an hour to analyze both the spatial distribution and spectral details of hundreds of star of tenth magnitude. Note that the photon noise is uniformly distributed in the image space. If the radiation is not white but is composed of strong emission lines, the SNR's at the corresponding image points are significantly enhanced. The volume interferometer may even compete with the Medusa spectrograph,' 6 one of the most efficient and possibly most elaborate spectral imagers.
Atmospheric Limits
If the present technique is directly applied to the earthbound large telescopes in the visible range, the advantage of the large aperture size may not fully be gained owing to atmospheric turbulence. The size of the primary mirror might effectively be reduced to typically 10 cm in diameter.
This loss of effective aperture size is similar to that of conventional astrophotography. The wave-front fluctuations caused by atmospheric turbulence smear out the high-spatial frequency information in the photograph or in the interferogram. Some modification is necessary to take advantage of the large aperture size.
Rapid scanning for the longitudinal path difference is essential to realize a sturdy system against atmospheric disturbances. If the signal integration time for each detection cell of the interferogram is less than 10 msec, the smearing will largely be avoided. 4 5 Scanning time of less than 10 sec is therefore short enough to record a high-contrast interferogram of size N 3 = 103. To recover the high-quality image, however, repeated rapid scanning followed by additional data processing will be necessary. This problem of estimating a high-quality image from an ensemble of phase-disturbed Fourier spectra or their moduli is one of the topics of current research activities.10-1 4 , 45 , 46 Here we only point out the possibilities of making use of the earthbound large telescopes by the repeated rapid-scanning technique,
EXPERIMENT
The principle has been verified by an experiment. Since was constructed.
The interferometer will be explained by referring to the original shown in Fig. 3 . The first prism (Pl) was replaced by a plane mirror, and only one prism (P 2 A point object with two spectral components was produced by focusing a light beam composed of He-Cd (4416-A) and He-Ne (6328-A) laser spectra. To obtain these spectral components of equal magnitude in the final image, the detector spectral response was compensated by adjusting the laser power. The object was placed slightly off the optical axis of the interferometer in the x direction. A positive lens was placed between the object and interferometer to fill the condition for case (b). in Fig. 1 . The translator for the longitudinal scanning was controlled by a microcomputer, and the data acquisition from the image sensor was synchronized with the motion of the translator; the motion was stepwise rather than continuous.
The recovered image is shown in Fig. 4 along with the spurious images [Eq. (14) ]. Two different aspects of the same image are shown. As the object is a single point with two spectral components, we expect two impulses on a single radial line. To emphasize this feature, the image is elongated along the u axis by a factor of 103. The two spectral components are clearly resolved and lie on a single radial line.
CONCLUDING REMARKS
It has been shown that under realistic conditions the spatial and spectral information of a distant radiative object can efficiently be recorded in the volume interferogram and later be retrieved by a simple Fourier transformation. The interferogram literally comprises the real part of the 3-D spatial coherence function and is measured by the new interferometer, a combination of wave-front folding and Michelson interferometers. The principle of this method has been confired by experiment.
The brief assessment of limitations shows the utility of the proposed technique but at the same time suggests the problems to be solved for the particular applications. Provided that the photon flux is sufficient, the technique can be applied directly to the simultaneous spectroscopy of many different objects. The multiplex advantage can be gained, and the measurement time will be saved. Ultimate performance will, however, be achieved by a photon-noise-limited system. For astronomical applications associated with earthbound large telescopes, it is necessary that an optimum algorithm be developed to retrieve the high-resolution spectral image from the atmospherically disturbed volume interferograms. The development is promising because most of the techniques for stellar speckle interferometry 45 are in principle applicable. Applications in the infrared (IR) regions depend on the availability of suitable IR image sensors. Rapid progress in this field will soon make it possible to construct IR~spectral imagers in diverse spectral regions. In connection with IR astronomical applications, it should be emphasized that the capability of spatial discrimination can significantly reduce the effects of sky background; if the object is a collection of unresolvable stars, the signal of the individual star is affected only by the small fraction of sky background inside the same resolution cell.
Finally we propose that the present technique be used in combination with a space telescope. The nonredundancy inherent in the wave-front folding type of interferometer makes it easy to correct for the fixed aberrations.1 4 A high efficiency may be expected even in photon-noise-limited short-wavelength regions because the high throughput can be realized by a high-density detector array.
